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SUBCRITICAL REGION OF LAMINAR ADIABATIC GAS FLOW IN A TWO- 
DIMENSIONAL CHANNEL 
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It is shown that so-called developed laminar gas flow in a two-dimen- 
sionaI channel cannot continue beyond values of X ~ O. 74. At }. > 
> 0.74 the flow is accompanied by considerable deformation of the 
velocity profiles in the direction of greater fullness, while the resis- 
tance coefficient g increases. 

In [1] T h e s t k o v  g ives  an i n t e g r a l  me thod  of c o m p u t -  
i ng  the  l a m i n a r  f low of a gas  in  a t w o - d i m e n s i o n a l  
c h a n n e l  b a s e d  on  the  u s e  of  v e l o c i t y  p r o f i l e s  of the  
f o r m *  

u - -  u~ [ 2 n / ~  - (~ ' , / '~)% (1) 

w h e r e  ~1 = I O @ is  the  D o r o d n i t s y n  v a r i a b l e ,  and ~76 = 

= ~?[y=6 i s  the  v a l u e  of ~ a t  the  b o u n d a r y  l a y e r  edge .  
Let  the  v e l o c i t y  at  the  charmel  e n t r a n c e  be  s u b -  

son ic ,  so tha t  the  b o u n d a r y  l a y e r s  m e r g e  a t  a su f f i -  
c i e n t  distance from the entrance. 

On the basis of the relations obtained in [2], we 

shall show that the assumptions made in [I] about the 
velocity profiles are physically warranted only up to 
certain values X < A r. Subsequent flow in the region 

Xr < X < Xcr is accompanied by a substantial change 
in profile [i]. In the developed flow region 6 = i, ~ = 

= ~i, and the profile may be written in the form [i] 

u = u~ [2H--  H~-] = u~ [I - -  (1 - -  I1)2}, (2) 

w h e r e  
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Fig.  1. R e l a t i o n  be tween  the  ve loc i t y  on the  axis  
u 1 and  the  p a r a m e t e r  n: 1) a t  the  i n s t a n t  of t r a n -  

s i t ion ,  and 2) in the p r e c r i t i c a l  s ec t ion .  

Let  us  e x a m i n e  t h e  m o r e  g e n e r a l  f a m i l y  of p r o f i l e s  
wi th  p a r a m e t e r  n (0 < n < 1) 

U ==//111-. ( 1 -  ]t)'"~]. (3) 

P r o f i l e  (2) c o r r e s p o n d s  to n = 1 / 2 .  
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Fig.  2. V a r i a t i o n  of r e s i s t a n c e  coe f f i c i en t  in the 
p r e c r i t i c a l  s ec t i on  1) wi thout  and 2) with accoun t  

fo r  d e f o r m a t i o n  of the ve loc i ty  p ro f i l e .  

As shown in  [2], the  v e l o c i t y  on  the  ax i s  u 1 and the  
p a r a m e t e r  n m a y  be  found f r o m  the  s y s t e m  of q u a s i -  
l i n e a r  equa t i ons  

Ln  dul ! Lp dn 
dx _ ~ == L1, 

L dul dn 
~1 - -  + L2.., - -  = L 2 .  ( 4 )  

dx dx 

H e r e  

1 Ol .  ~ 1 - I  . . . .  

[ u OtQ ) - -  tq  1 tt l2 ' 
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I . =  t } udH, I . . =  t' u2dtl '  
b d 

In t h e s e  e q u a t i o n s  a l l  the  q u a n t i t i e s  a r e  d i m e n s i o n l e s s .  
The  p a r a m e t e r  f i s  p r o p o r t i o n a l  to the  c u r v a t u r e  of 
t he  v e l o c i t y  p r o f i l e  on  the  c h a n n e l  a x i s  

% , d!l ~ / 

and  c a n n o t  be  n e g a t i v e  in  v iew of i t s  p h y s i c a l  m e a n i n g ~  
The  q u a n t i t i e s  I u and  Iuu  c a n  e a s i l y  be  found u s i n g  (3), 

*The  n o t a t i o n  i s  the  s a m e  a s  in  [2]. I,, =: u,'(,~ ~ 1), l,,, ~ 2u~/(n ! l)(,z ~ 21. (5) 
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The mean  ve loc i ty  u m can be e x p r e s s e d  in t e r m s  of 
the  ve loc i ty  on the ax i s  u I and the p a r a m e t e r  n, 

Now le t  

U m = l~u/l, = 2uv/(n + 2). 

t dn 
n - - 0 ,  

2 '  dx 

(6) 

Taking into account  that  du l / dx  > 0, f r om t h e  s e c -  
ond equat ion of  (4), we find that  f -  > 0 when L21 --- 0 and 
f - <  0whenL21->  0. 

I t  i s  not d i f f icul t  to see  tha t  (when k = 1 .4)  

L21 = 7u~/(l - - -  u~) - -  1/ul - -  4ul/(3.75--2u~).  

Thus i t  m a y  e a s i l y  be seen  that  L21 -< 0 when u I -< Ulr 
and L~t _> 0 when u 1 -> Ulr , whe re  Ulr  i s  the  root  of  the 
equat ion L21 = 0. Thus with n = 1/2 the  flow cannot  con-  
t inue beyond the l i m i t  ui > Ulr.  Put t ing  L21 = 0, we 
find: Ulr - 2 .333 U~r + 0.312 = 0, so U~r = 0. 1424, 
Ulr  - 0.378~ which c o r r e s p o n d s  to u m --- 0. 303 and the  
mean  Xr = 0 .74 .  When X = X r = 0 .74,  the  quant i ty  f 
b e c o m e s  z e r o .  Pu t t ing  f = 0 fo r  a l l  0 .74  _< X - Xcr, 
a s  in [2], i t  i s  not  d i f f icul t  to find, f r o m  (4), the  de -  
pendence  of  n and v e l o c i t y  u 1 on x.  Confining o u r s e l v e s  
to  f inding the  dependence  of  n on ul, we obta in  the equa-  
t ion  

dn/du~ = - -  L~a/L~2, 

o r  in expanded fo rm,  a f t e r  s m a l l  t r a n s f o r m a t i o n s ,  

dn n ~- 2 
du 2 - -  2u~(1--u~) X (7) 

4u2(1 - -  u~)-- (8u~-- 1)[(n + 1)(n + 2) --2u~] 
X (n + 2) 2 + 2u~ 

This  equat ion mus t  be i n t eg ra t ed ,  beginning  f r o m  u~ = 
= 0.1424 when n = 0 .5 .  The i n t e g r a t i o n  i s  c a r r i e d  out 
up to t r a n s i t i o n ,  i . e . ,  unt i l  d u l / d x  ~ ~ .  At  the c r i t i -  
ca l  s ec t ion  we mus t  have 

I Ln La, [ =  O. 
L~I L22 

After t r a n s f o r m a t i o n  we have 

w h e r e  

b = 

4 2 u , - - a u ~  + b ---- O, (8) 

7 
a =  1--~(n+ 1 ) (n+2) ,  

( n + l ) ( n + 2 )  + ( n + 2 )  ~ I t n - ~ l ~ t n ~ 9 ~ - - ~ 1 .  
12 24 

ma t ion  of  the  ve loc i ty  p ro f i l e ,  the  p ro f i l e  becoming  
fu l l e r  as  u 1 i n c r e a s e s .  

Let  us  examine  the change in coef f ic ien t  of  r e s i s -  
t ance  

8.% c)u 

in the p r e c r i t i c a l  sec t ion .  We find the r a t io  of  ~ fo r  
u 1 > Ulr  = 0. 328 to the  quant i ty  [0.74 at  the beginning 
of  the  p r e c r i t i c a l  sec t ion :  

Ou Ou ~ (o 74) 

~0.74 Um 

where  the  index 0 .74  ind ica t e s  tha t  the  c o r r e s p o n d i n g  
quant i ty  mus t  be  d e t e r m i n e d  for  k = 0 .74 .  Using equa l -  
i ty  (6) and noting,  in addi t ion,  that  

and 

P/~h = 1 - -  I ~  = 1 - -  2u~/(n + 1) (n + 2), 

we find, a t  the  beginning  of the  p r e c r i t i c a l  sec t ion,  
when n =  0.5 ,  X= 0.74,  ul--- 0 .328,  tha t  

2 
U (0'74) ~ ' 0.328 = 0,262, 

m 2 ,5  

( 0 ~ )  = (  1 0  2"0"1424 ) 2 . 0 . 3 2 8 - - 0 . 6 0 5 .  1.5.2.5 

T h e r e f o r e ,  

n + 2  1 - -  (9) 
~0.74 4.62 ( n +  l ) ( n +  2) 

I f  the  v e l o c i t y  p r o f i l e  r e m a i n e d  unchanged in the  
p r e c r i t i c a l  sec t ion ,  i . e . ,  i f  n we re  1/2,  i t  would fo l -  
low f r o m  (9), a s  in [1], tha t  the  coef f ic ien t  ~ d e c r e a s -  
e s  (curve  1 in  F ig .  2). By subs t i tu t ing  into (9) v a l u e s  
of  n found a f t e r  i n t e g r a t i o n  of  (7), we can  v e r i f y  tha t  
the  r e s i s t a n c e  coe f f i c i en t  i n c r e a s e s  (curve  2 of F ig .  2). 

Thus ,  the  conc lus ions  r e a c h e d  in  [2] fo r  t u rbu l en t  
flow r e m a i n  q u a l i t a t i v e l y  the  s a m e  fo r  l a m i n a r  f low. 
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